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theory) . (alga) Feng, He, Kennaway
Vafa [4] Gelfand, Kapranov Zelevinsky [5]




Gelfamd, Kapranov Zelevinsky [5]
$(\mathbb{C}^{x})^{\mathfrak{n}}$
$Log$ : $(\mathbb{C}^{x})^{n}$ $arrow$ $\mathbb{R}^{n}$
$t\cup$ $\iota v$






$W^{-1}(0)$ . Laurent $W$
Newton (Newton polytope) $a_{t_{1},\ldots,i_{\hslash}}\neq 0$ $(i_{1}, \ldots , i_{\mathfrak{n}})\in \mathbb{Z}^{n}$
.
$n=2$ Newton $(0,1),$ $(1,0)$ $(-1, -1)$ ( 1 )
Laurent Mathematica 2
1541 2007 102-123 102
1: Newton
2: $W(x, y)=x+- \uparrow l+\frac{1}{xy}$ 3; $W(x, y)=x+y+ \frac{1}{xy}+3$
3 . $W^{-1}(0)$ 10,000
3
.











(tropical curve) $e$ $t$
$tarrow\infty$ . 1
. $K= \bigcup_{n=1}^{\infty}\mathbb{C}((t^{1/n}))$ $\mathbb{C}((t))$ . $K$ $g=$
$\sum_{a\in \mathbb{Q}}g_{a}t^{a}$
$|g|= \exp(-\min\{a\in \mathbb{Q}|g_{a}\neq 0\})$




$|g|$ $=$ $0$ if and only if $g=0$, (1)
$|gh|$ $=$ $|g||h|$ , (2)
$|g+h|$ $\leq$ $\max\{|g|, |h|\}$ . (3)
$|\cdot|$ : $Karrow \mathbb{R}$ $K$ / . $K$
Laurent $W(x_{1}, \ldots, x_{n})\in K[x_{1}^{\pm 1}, \ldots , x_{n}^{\pm 1}]$ $W^{-1}(0)\subset(K^{x})^{n}$
$Log$ : $(K^{x})^{n}$ $arrow$ $\mathbb{R}^{n}$
$w$ $(\cup$
$(x_{1}, \ldots, x_{n})$ $rightarrow$ $(\log|x_{1}|, \ldots,\log|x_{n}|)$
$W^{-1}(0)$ (non-Archimedean amoeba) .
. $\mathbb{R}$ $\oplus$
$a\oplus b$ $:=$ $\max\{a, b\}$ ,
$ab$ $:=$ $a+b$








$W_{trop}$ ( $W$) . $Einsiedler$
Kapra ov Lind :
1 ([2, Theorem 2.1.1]). $W\neq 0$ $W$
.
$W(x, y)=x+y+ \frac{1}{xy}+3=0$ $W(x, y)=x+y+ \frac{1}{xy}+t=0$










4: $W(x, y)=x+y+ \frac{1}{xy}+3$ $W^{-1}(0)$ 5: $W(x, y)=x+y+ \frac{1}{xy}+t$ $W^{-1}(0)$
$x \oplus_{t}yarrow\max\{x,y\}$
. Maslov (dequantization) .
$W_{t}(x_{1}, \ldots, x_{n})\in \mathbb{C}[x_{1}^{\pm 1}, \ldots, x_{n}^{\pm 1}, t]$ ${\rm Log}_{t}(W_{t}^{-1}(0))$ $tarrow\infty$ $W_{t}^{-1}(0)\subset$
$(K^{x})^{n}$ Hausdorff (Mikhalkin [9],
Rullgard) . $\mathbb{R}^{n}$ Hausdorff Hausdorff
:
$d(A,B)= \max\{\sup_{a\in A}d(a,B),\sup_{b\in}d(A,b)\}$ .
. 6
$W(x, y)=x+y+ \frac{1}{xy}+3=0$ $(x, y)rightarrow(\log_{t}|x|, \log_{t}|y|)$ 7 $W(x, y)=$






$Log$ : $(\mathbb{C}^{x})^{n}$ $arrow$ $T=F/\mathbb{Z}^{n}$
$\iota v$ ($v$ (4)
$(x_{1}, \ldots , x_{n})$
$rightarrow$
$\frac{1}{2\pi}(\arg x_{1}, \ldots , \arg x_{n})$
(alga) . Feng-He Kennaway-Vafa [4]
(coamoeba) Passare Tsikh
. Newton 1







7: $W(x, y)=x+y+ \frac{1}{xy}+t=0$ $(x, y)\ovalbox{\tt\small REJECT}arrow(\log_{t}|x|, 1og_{t}|y|)$ ( $t=3$
$t=10)$ .
8: $W(x, y)=x+y+$ 9: $W(x,y)=x+y+ \frac{1}{xy}+3$
106
$n=2$ . 8
$x+y+ \frac{1}{xy}=0$ . 9
8 9
. . $(1, 1)$ , $(-1,2),$ $(1, -2)$
. .
$W$ 2 Laurent $\Delta$ Newton . $\Delta$ $e$ $e$
$n_{e}\in \mathbb{Z}^{2}$ $l_{e}$
$\Delta=\bigcup_{e}\{m\in F|(n_{e},m\rangle\leq l_{e}\}$
. $(\cdot, \cdot)$ . $e$ $W$
$W_{e}$
$W_{e}(x, y)= \sum_{\langle n.,(:,j)\rangle=t_{e}}a;j^{X^{i}\dot{\psi}}$
. ,




$n_{e}=(n_{\epsilon,1}, n_{e,2})\in \mathbb{Z}^{2}$ $e(x)=\exp(2\pi\sqrt{-1}x)$ .
$W$ $\Delta$ $e$ W 2


















2. $\triangle$ $W_{\Delta}$ ( $W_{\Delta}$
3 Laurent ). $\Delta$ 2 $N$ $W_{\Delta}^{-1}(0)$
$\{U_{i}\}_{i=1}^{2N}$ $\{I_{i}\}_{i=1}^{3N}$
:
$Arg|_{Arg^{-1}(U_{1})}$ : $Arg^{-1}(U_{1})arrow\sim U_{i}$ for $i=1,$ $\ldots,$ $2N$.
- $i=1,$ $\ldots,$ $3N$ $Arg^{-1}(I_{i})$ . $W_{\Delta}^{-1}(0)$
.
$W_{\Delta}^{-1}(0)$ $\Delta$








$(0,0),$ $(1,0)$ $(0,1)$ 1/2 $\Delta_{1}$ ( 11).
$W_{\Delta_{1}}(x, y)=1+x+y$
$W_{\Delta_{1}}^{-1}(0)$ (6)
$\{\begin{array}{ll}\theta =\frac{1}{2 ,}-\theta+\varphi =\frac{1}{2’}-\varphi =\frac{1}{2}\end{array}$






13: $W_{\Delta_{1}}^{-1}(0)$ 14: $W_{\Delta_{1}}^{-1}(0)$
( 2
) .
10 13 12 $W_{\Delta_{1}}^{-1}(0)$ $U_{1}$
14 ( 3
) . $W_{\Delta_{1}}^{-1}(0)$ $x$
$\mathbb{C}^{x}\backslash \{-1\}=P^{1}\backslash \{-1,0, \infty\}$ $U_{1}$ $U_{2}$
$I_{1},$ $I_{2}$ $I_{3}$ $(-\infty, -1),$ $(-1,0)$ $(0, \infty)$
. .
$(0,0),$ $(2,0)$ $(0,1)$ $\Delta_{2}$
( 15).
$W_{\Delta_{2}}(x,y)=1+x^{2}+y$
$\{\begin{array}{ll}29 =\frac{1}{2},-2\theta+\varphi =\frac{1}{2},-\varphi =\frac{1}{2}\end{array}$ (7)
. ( ) 16 .







$W_{\Delta_{2}}^{-1}(0)$ ( 4 . 18 )
.
$W(x,y)=x+y+ \frac{!}{xy}$
. 19 $\Delta_{3}$ $((1,0),$ $(0,1)$ $(-1, -1)$
) $W_{\Delta_{\theta}}$
20 21 . $W_{\Delta_{3}}^{-1}(0)$ 3
22 .
2 . $W^{-1}(0)\subset(\mathbb{C}^{x})^{2}$ $W(x, y)$ $x$ $y$




$P=(_{c}^{a}$ $db$ $(0,0)_{\backslash }(a, b)$ $(c,d)$











21: $W_{\Delta_{3}}^{-1}(0)$ 22: $W_{\Delta_{\theta}}^{-1}(0)$
111
. $P$ $\mathbb{Z}^{2}$ $\mathbb{Z}^{2}$ $P$ $\mathbb{C}^{x}$
$(\mathbb{C}^{x})^{2}$ $(\mathbb{C}^{x})^{2}$ :
$P\otimes z\mathbb{C}^{x}$ ; $(\mathbb{C}^{x})^{2}$ $arrow$ $(\mathbb{C}^{x})^{2}$
($v$
$(x, y)$ $rightarrow$ $(x^{a}y^{b},x^{c}y^{d})$ .
$P\otimes z\mathbb{C}^{x}$ $P\otimes z\mathbb{R}:\mathbb{R}^{2}arrow \mathbb{R}^{2}$ mod $\mathbb{Z}$
:
$\overline{P}$ : $\mathbb{R}^{2}/\mathbb{Z}^{2}$ $arrow$ $\mathbb{R}^{2}/\mathbb{Z}^{2}$
$\backslash v$ $w$
$(\theta, \varphi)$ $\ovalbox{\tt\small REJECT}rightarrow$ $(a9+b\varphi,\theta+d\varphi)$ .
‘




2 $\Delta=\Delta_{1}$ . $W_{\Delta_{1}}^{-1}(0)$
.
$W_{\Delta_{1}}^{-1}(0)=\{(x,y)\in(\mathbb{C}^{x})^{2}|y=-1-x\}$
. $9=\arg x$ $x$ $r>0$ $r\exp(\theta)$ r}
$\varphi=\arg y$ . $0<\theta<\pi$ $r$ $0$
$\varphi$
$\lim_{rarrow 0}\varphi=-\pi$, $\lim_{rarrow\infty}\varphi=\theta-\pi$
. $-\pi<\theta<0$ $r$ $0$ $\varphi$
$\lim_{rarrow 0}\varphi=\pi$ , $\lim_{rarrow\infty}\varphi=9+\pi$
. $9=0$ $\varphi$ $r$ $\pi$ $9=\pi$ $0<r<1$ $\varphi=\pi$ ,
$1>r$ $\varphi=0$ . $W_{\Delta_{1}}^{-1}(0)$ 13
2 .
3
. $S$ 2 $S$ $S$
$V$ $E$ (V, $E$) . $S$
$[0,1]$ $c:[0,1]arrow S$ $c([0,1])$ $c([0,1])$
$c(O)$ $c(1)$ . $S$ (V, $E$ ) $V$ $E$
. 2 $S$ $V$ 2 $B,$ $W\subset V$
112
$B\coprod W$ $B$ $W$ .
$B$ $W$ . 2
2 (
2 2
(bipartite graph) . 2 2 1
).




(brane tiling) . $\Delta_{1},$ $\Delta_{2},$ $\Delta_{3}$ 2
23, 24, 26 . 2
.
23: $\Delta_{1}$ 2 $p^{r}$ 24: $\Delta_{2}$ 2 $\nearrow$ 25: $\Delta_{3}$ 2
4
ﬄ (quiver) $2$ (vertex)
$V$ (arrow) $A$ (source) (target)
2 $s,$ $t$ : $Aarrow V$ (V, $A,$ $s,$ $t$ ) . $V$ $A$
Jordan $(V=\{v_{1}\}$ $A=\{a_{1}\}$ $s(a_{1})=t(a_{1})=v_{1}$
. 26 ) Kronecker $(V=\{v_{1}, v_{2}\}$ $A=\{a_{1}, a_{2}\}$ $s(a_{1})=s(a_{2})=v_{1}$
$t(a_{1})=t(a_{2})=v_{2}$ . 27 ) .
:
$(a_{n},a_{\mathfrak{n}-1}, . . . ,a_{1})$ 1
( $i=1,$ $\ldots,$ $n-1$ $s(a_{i+1})=t(a:)$ ) . $n$
$(a_{\mathfrak{n}}, a_{\mathfrak{n}-1}, \ldots,a_{1})$ . $0$
. (path algebra)




pa 26: Jordan fi
pa 27: Kronecker ma
:
$(b_{m}, \ldots, b_{1})\cdot(a_{\mathfrak{n}}, \ldots, a_{1})=\{\begin{array}{ll}(b_{m}, \ldots, b_{1}, a_{n}, \ldots,a_{1}) s(b_{1})=t(a_{\mathfrak{n}}) \text{ },0 \text{ }.\end{array}$
$0$ (idempotent) . $Q$
$\mathbb{C}Q$ . 26 Jordan \Re $\mathbb{C}[x]$
1 $0$ $x$ 1 1 .




$v_{1}$ $v_{2}$ $0$ $e_{1}+e_{2}$ .
$Q$ $\mathbb{C}Q$ $\mathcal{I}$ $(Q,\mathcal{I})$ (quiver with relations)
. $(Q,\mathcal{I})$ $\mathbb{C}Q/\mathcal{I}$
.
$S$ 2 $(B\coprod W, E)$
(V, $A,$ $s,$ $t,\mathcal{I}$) : $V$ $S$ $S\backslash E$
$A$ . $a\in A(=E)$
$s(a)$ $t(a)$ $a$
. 2
. $a\in A$ $t(a)$ $s(a)$ $a$ 2
$p+(a)$
$p_{-}(a)$ . $a\in A$ $p_{+}(a)-p_{-}(a)$
$\mathcal{I}$ $\mathcal{I}$ $S$ 2
. 28 . 2




$\Delta_{1},$ $\Delta_{2},$ $\Delta_{3}$ 2












1 Laurent $m$ $n$ $a;,$ $i=-m,$ $\ldots,n$
$W(x)= \frac{a_{-m}}{x^{m}}+\frac{a_{-m+1}}{x^{m-1}}+\cdots+\frac{a_{-1}}{x}+a_{0}+a_{1}x+\cdots+a_{n}x^{n}$































. $Z(x)$ Newton $[0, m+n]$ $W(x)$ Newton







. 36 $\mathbb{R}$ $\mathbb{Z}$
$\mathbb{R}$ $h$
$\bullet$ $h$ $\mathbb{R}\backslash \mathbb{Z}$
$\bullet h(i+1)-h(i)=\{\begin{array}{ll}1 i\mathfrak{F} B\ i+l\not\in B^{ q)}F\#\sigma) *\emptyset^{\theta}>B^{\ulcorner_{Q}]\xi\sigma)p}-1 i ae B\ i+l \mathfrak{F}B\emptyset\ovalbox{\tt\small REJECT}\emptyset*l^{i}E\cap \mathfrak{g}g\emptyset\#\doteqdot\end{array}$
$\bullet$ $|x|$ $h(x)=|x|$
3 1 . .
$x\vdasharrow|x|$ $h(x)$ Young (
45 135 Young
. 37 ). Young $Y$ 37 (
$Y$ ) $|Y|$
$Z(q)=$ $\sum$ $q^{|Y|}= \prod(1\infty-q^{\mathfrak{n}})^{-1}$
$Y:Young$ $n=1$
.
2 :2 $(B\coprod W, E)$





38: $(h_{x}, h_{y})=(1,0)$ $\text{ ^{ }}39:(h_{x}, h_{y})=(0,1)$ 40: $(h_{x},h_{y})=(-1, -1)$
41: $(h_{x}, h_{y})=(0,0)$ 42: $(h_{x}, h_{y})=(0,0)$ 43: $(h_{x}, h_{y})=(0,0)$
44: $\Delta_{3}$ 2
1 . $\Delta_{3}$ 2
44 6 .
2 ( $\alpha$ $\beta$ ) 1
$D$ (height change)






$Z(x,$ $y)=$ $\sum$ $x^{h_{X}(D)}y^{h_{y}(D)}$
$D$ :




. $Z(x,y)$ Newton $\Delta_{3}$ .
:
118















. 46 3 Young
48 .
3 Young Gromov-Witten/Donal&on-Thomas
. $X$ 3 Calabi-Yau ( $TX$ lChern $c_{1}(X)$
$K\ddot{a}$hler ) . $K$ er $X$
$X$ Gromov-Witten
$g$ $X$ 2 $\beta\in H_{2}(X, \mathbb{Z})$
$N_{g,\beta}= \int_{[\overline{M}_{9}(X,\beta)]^{vrt}}.1\in \mathbb{Q}$
. –Mg(X, $\beta$ ) $X$ $9$ $\beta$ $z$
$[\overline{M}_{g}(X, \beta)]^{virt}$ $0$ . 1
$\overline{M}_{g}(X,\beta)$ $0$
$X$ 9 Riemarm $\beta$
.
Donaldson-Thomas $X$ $n$ 2
$\beta\in H_{2}(X, \mathbb{Z})$
$\tilde{N}_{g},\rho=\int_{[I_{n}(X,\beta)]^{virt}}1\in \mathbb{Z}$








$[I_{n}(X, \beta)]^{virt}$ . $O_{Y}$
$Y$
















$\log M(e^{-u})\sim\sum_{g=0}^{\infty}\frac{\zeta(3-2g)\zeta(1-2g)}{(2g-2)!}u^{2g-2}$ as $uarrow+0$
log $Z_{DT}(X;-e^{\sqrt{-1}u})_{0}\sim\cdots+2\log Z_{GW}(X;v)_{0}$
.
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